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Abstract
( $GCD$





. 1 quasi-GCD[Sch85], (PRS) $[SN89]$
[CGTW95, Zen04], QRGCD [OST97, ZMFOO, CWZ04], $\epsilon- GCD[EGL97]$ , Pad6$\cdot$
$GCD[Pan01]$ $[Zhi03]$ . $P$
$m$ $O(m^{2})$ . QRGCD
$O(m^{3})$ Corlaes et al.[CWZ04] GCD
. Zhi [Zhi03]
$O(m^{2})$ . QRGCD .
$P$ [ONS91] PC-PRS [San05] [CGTW95] EZ-GCD
[ZN ] Sylvester [GKMYZ04, ZDG] $[KYZoe]$
PRS PC-P 1
Sylvester 2
$($ [GKMYZ04] $[ZD04])$ Sylvester
.
PRS . 2 1 $PI\mathfrak{i}s$
QRGCD . 3
QRGCD
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$F$ $1c(F)$ $\deg(F)$ $F$ $||F||$
$F$ $||F||=1$ .
$quo(F, G)$ $rem(F, G)$ $F$ $G$
2 1
1 $F(x),$ $G(x)\in C[x]$ :
$F(x)=f_{m}x^{m}+\cdots+f_{0}$ , $G(x)=g_{\mathfrak{n}}x^{\mathfrak{n}}+\cdots+g_{0}$ $(f_{m},g_{n}\neq 0, m\geq n)$ . (1)
$|g_{\mathfrak{n}}|/|f_{m}|=\epsilon<1$ . $Q(x)=quo(F, G)$ $r\infty t(G)=g_{\hslash-1}x^{n-1}+\cdots+g0$
$rem(F,G)$ $=$ $F-[Q(x)/g_{n}^{m-n+1}]G=H\approx-Q(0)roet(G)$ (2)
$H$ $r\infty t(G)$ $rem(G, H)$ $O(1/\epsilon^{m-\mathfrak{n}+1})$ .
$gcd(F,x)=1$ $gcd(F, G)=gcd(x^{m-n}G, F)$ . $|g_{n}|<|f_{m}|$
$rem(F, G)$ elim$(x^{m-\mathfrak{n}}G, F)$ $(x^{m-\mathfrak{n}}G, F, e\lim(x^{m-n}G,F), \cdots)$
. elim$(x^{m-n}G, F)$ $-[g_{n}/f_{m}]f_{0}$
. elim$(x^{m-n}G, F)$
( ) $G$ $F$ :
dummy$(G)=(x^{m-n}+a)G$ $(\deg(a)<m-n)$ . (3)
. $a$ $||a||=1$ $(x^{m-n}+a)$ $F$ . 1




InPut : Polynomials $P_{1}$ and $P_{2}$ , and tolerance $\epsilon(0\leq\epsilon\ll 1)$ .
Output: aPRS $(P_{1}, P_{2}, P_{3}, \cdots , P_{k}, P_{k+1})$ , where $||P_{k+1}||=O(\epsilon)$ or $\deg(P_{k+1})=0$ .
$i:=2$;
LP: if $\deg(P_{1})=0$ or $||P_{1}||=O(\epsilon)$ then return $PRS$;
REM: if $|1c(P_{1})|\approx|1c(P_{j-1})|$ then $P_{1+1}$ $:=rem(P_{|-1}, P_{j})$
else $(( P_{1+1} := e\lim(dummy(P_{1}), P_{1-1});P_{1}:=P_{1+1}$; goto REM \rangle );
$i:=i+1$ ; goto LP;
end;
1( PRS ) PRS REM .
( Euclid ) $P_{1},$ $P_{2}\in C[x]$ PRS (x)Pl+Bi(x)P2 $=P_{1}(x)$
$A_{i},$ $B:,$ $P_{1}\in C[x]$ $\deg(A:)<\deg(P_{2})-\deg(P_{1})$
$\deg(B:)<\deg(P_{1})-\deg(P_{j})$
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PRS QRGCD QRGCD Sylvester QR
GCD Householder Givens ( Given8




$\ldots)\in \mathbb{C}^{\langle m+\mathfrak{n})x(m+n)}$ . (4)
$S$ QR $Q$ $R$ $S=QR$ . $R=(r_{1},r_{2}, \cdots r_{m+\mathfrak{n}})^{T}$
$r$: Euclid $||r_{i}||_{2}$ $(||r:||_{2}\geq||r:+1||_{2})$. $\epsilon$ GCD
$1\approx||r_{d}||_{2}\gg||r_{d+1}||_{2}\approx\epsilon$ $r_{d+1}$ .
$r_{d}=$ $(0, \cdots , r_{d,d}, \cdots r_{d,m+n})$ $F$ $G$ GCD $r_{d,d}x^{m+n-d}+\cdots+r_{d,m+\mathfrak{n}}$ . $R$
Givens 1
dummy$(G)=(x^{m-n}+a)G$ $\overline{C}a=a_{m-n-1}x^{m-n-1}+\cdots+a0$ elim$(dummy(G), F)=$






) $\prod_{-0}^{m-n-1}(1$ $-7_{m}^{a_{L}}1$ $..$ . $t_{n}^{a_{1}}$ $...)$ . (5)
$(m-n+2)$ / (2, $m-n+2-$
$M(F, x^{m-n}G, \cdots G)^{T}\propto(f_{m}F+g_{n}x^{m-n}G, e\lim(dummy(G),F),$ $\cdots)^{T}$ .
ellm$(dummy(G), F)$ Given8 $(F,x^{m-n}G, \cdot. . , G)^{T}$ QRGCD
Givens . $a=0$ elim$(dummy(G),F)$ 1 Givens
$P$ $|g_{n}|\geq|f_{m}|$ $rem(F, G)$
$|g_{\mathfrak{n}}|<|f_{m}|$ elim$(dummy(G), F)$ $m$
PRS $O(m^{2})$ .
$\blacksquare$ 2( PRS QRGCD )
$\bullet$ PRS $O(m^{2})$ .





( PC-PRS ) 1
GCD . PC-PRS .
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1( GCD )
2 $F(x, u)$ $G(x,u)$
$F(x, u)$ $=$ $(x^{2}+u^{2}+1)(x^{2}-u-0.5)(x^{2}+u+0.1)$ ,
$G(x, u)$ $=$ $(x^{2}+u^{2}+1)(x+u^{3}+u-0.4)(0.0001x^{2}+u+1)$ .
$F$ $G$ GCD PC-PRS :
$x^{2}+1.0-4.410\cdots x10^{-1\theta}u+0.999\cdots u^{2}+:\ovalbox{\tt\small REJECT} 7u^{3}-\underline{0.0000000302\cdots u^{4}}$ .
$\blacksquare$
($0$ - ).
1 . - [KS97]
. $f$ $e$ $\# E[f, e]$ ($e$ $\epsilon_{inlt}\cdot|f|$
$e_{init}\approx 5.0xe_{M}$ . $e_{M}$ . 2 $e_{\dot{|}nit}=10^{-16}$ ).
$f$ $|f|<e$ $E[f, e]$ $0$
$0$ -
2( GCD )
1 $F(x,u)$ $G(x, u)$ GCD :




2 1 QRGCD Givens QRGCD
$(u_{1}, \cdots u\ell)$ $(u)$ $F(x, u)$ $G(x, u)\in C[x$ , $x$
$m,$ $n$ . $S\in C[u]^{\langle m+n)x\langle m+n)}$ $F$ $G$ Sylvester . $S$ $F$




. Power-series Coefficient GivensGCD (PC-Given8GCD) .
3.3









Corless et al.[CWZ04] GCD 1 QRGCD
. PRS
3 ( GCD) GCD $\epsilon$ $\epsilon\ll 1$ .
$k$ $O(1/\epsilon^{k})$ I









1 ( ). (1) 1
$|f_{m}|\gg||r\infty t(F)||$ $|g_{n}|\approx||G||$ ( ). $F$ $G$
$H=F-(f_{m}/g_{n})x^{m-\mathfrak{n}}G\approx-(f_{m}/g_{n})x^{m-n}r\infty t(G)$. $rem(H,G)$
. QRGCD . $G=G_{h}($ $)+G_{\ell}(x)$
$G_{h}(x)=g_{n}x^{n}+\cdots+g_{k+1^{X^{k+1}}\text{ }}G_{\ell}(x)=g_{k}x^{k}+\cdots+g_{0^{\text{ }}}$
1. $A(x)f_{m}x^{m}+B(x)G_{\ell}(x)=appgcd(f_{m}x^{m},G_{\ell}(x);\epsilon)$ $A(x)$ $B(x)$
2. $A(x)$ $B(x)$ $F$ :
$\tilde{F}$
$=$ $A(x)F+B(x)G$















GAL PC-PRS PC-GivensGCD Ultla SPARC-lli $(440MHz)$ Solaris 8
. ErrMax GCD .
1: PC-PRS PC-GivensGCD ( )
Ex.1\sim 3 3 $x$ (Ex 1, 2, 3
5, 10, 12). $PC$-GivensGCD Sylvester .
PC-PRS ( [San05]
) Ex 4 GCD 2 .
Ex 5\sim 8 3 :
$\{\begin{array}{ll}F_{5} = a_{1}c_{1}+10^{-5}e_{1}G_{8} = b_{1}c_{1}+10^{-6}d_{1} ’\end{array}$ $\{\begin{array}{ll}\ovalbox{\tt\small REJECT}= a_{1}c_{1}+10^{-2}e_{1}G_{6} = b_{1}c_{1}+10^{-2}d_{1} ’\end{array}$
$\{\begin{array}{ll}F_{7} = a_{2}c_{2}+10^{-b}e_{2}G_{7} = b_{2}c_{2}+10^{-5}d_{2} ’\end{array}$ $\{\begin{array}{ll}F_{8} = a_{2}c_{2}+10^{-2}e_{2}G_{8} = b_{2}c_{2}+10^{-2}d_{2}.\end{array}$
$||a_{*}\cdot||,$ $||b:||,$ $||C|||,$ $||e:||,$ $||e:||=1$ . Error GCD .
$PC$-GivensGCD $O(O.O1)$ PC-PRS
PC-P
. Ex.5, 6, 7, 8 [San05] Table 9 Ex 9, 4, 10, 5 . [San05]
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